A FREE BOUNDARY PROBLEM FOR THE p{x)- LAPLACIAN 
JULIAN FERNANDEZ BONDER, SANDRA MARTINEZ AND NOEMI WOLANSKI 

Abstract. We consider the optimization problem of minimizing |Vit|*''^' + Ax{i,>o} in 
the class of functions W^'^^'\il) with u — ipo G Wo'''^-\Q), for a given ipo > and bounded. 
W^'^^''' (Jl) is the class of weakly differentiable functions with |Vu|'''^^ < oo. We prove 
that every solution u is locally Lipschitz continuous, that it is a solution to a free boundary 
problem and that the free boundary, n d{u > 0}, is a regular surface. 



In this paper we study a free boundary problem for the Laplacian. The Laplacian, 

is defined as 



This operator extends the classical Laplacian {p{x) = 2) and the so-called p— Laplacian {p{x) = p 
with 1 < p < oo) and it has been recently used in image processing and in the modeling of 
electrorheological fluids. 

For instance, Chen, Levin and Rao [TT] proposed the following model in image processing 



where p{x) is a function varying between 1 and 2. It is chosen p{x) next to 1 where there is 
likely to be edges and next to 2 where it is likely not to be edges. 

Observe that the Euler-Lagrange equation associated to E is the ^(x)— laplacian. 

For the modeling of electrorheological fluids, see |31j . 

On the other hand, a free boundary problem associated to the p(a;)— Laplacian, was studied in 
[21j namely, the obstacle problem. In that paper, existence and Holder continuity of minimizers 
was proved. No further regularity was studied. 

To our knowledge, no other free boundary problem associated to this operator has been 
analyzed up to date. 

This paper is devoted to the study of the so-called Bernoulli free boundary problem, that is 



where A* is a given function away from zero and infinity. 



Key words and phrases, free boundaries, variable exponent spaces, minimization. 
2000 Mathematics Subject Classification. 35R35, 35B65, 35J20. 

Supported by ANPCyT PICT 2006-290, UBA X078 UBA X117 and CONICET PIP 5478/1438. All three 
authors are members of CONICET. 



1. Introduction 



(1.1) 





(1.2) 




2 



J.FERNANDEZ BONDER & S. MARTINEZ & N. WOLANSKI 



This free boundary problem, in the linear case p{x) = 2, was first studied by A. Beurling in 
[9] for iV = 2. 

Still in the linear setting and for N >2, this problem was analyzed by H. Alt and L. Caffarelli 
in the seminal paper [3]. In that work, the authors prove existence of a weak solution by 
minimizing the functional 

f |Vnp , {X*{x))' , 
^ ^ in 2 ^{«>o} 

Then, they prove local Lipschitz regularity of weak solutions and, when A* is C", they prove 
the C^'" regularity of the free boundary up to some negligibly set of possible singularities. 

Later, in [5], these results were extended to the quasilinear uniformly elliptic case. 

Problem (jl.2p with p{x) = p was addressed in [12], where the same approach was applied to 
obtain similar results in the p— Laplacian case. In that paper, the authors had to deal with the 
problem of the degeneracy or singularity of the underlying equation. 

Recently, the method was further extended in where this free boundary problem for 
operators with non-standard growth was treated in the setting of Orlicz spaces. 

The Bernoulli free boundary problem, appears in many different applications, such as limits 
of singular perturbation problems of interest in combustion theory (see for instance, [8| 1251 [26] ) 
fluid flow e.g. the problem of jets (see for instance [6l[7]) and some shape optimization problems 
with a volume constrain (see for instance, [21 [3l [I8l [I9l [Ml [28] [30]). 

In this work, in order to analyze the Bernoulli free boundary problem (jl.2p . we follow the 
same approach as in the previously mentioned works and prove optimal regularity of solutions 
and C^'" regularity of their free boundaries. 

So we consider the following minimization problem: For Q a smooth bounded domain in M.'^ 
and ipo a nonnegative function with ifQ G L°°{Q) and iVipol^^^^ dx < oo, we consider the 
problem of minimizing the functional, 

(1.3) J{u)= / ^ X{x)x{u>o} dx 

in the class of functions 

For the definition of the variable exponent Sobolev spaces, see Appendix [Al 

In order to state the main results of the paper, we need to introduce some notation and 
assumptions. 

Assumptions on p{x). Throughout this work, we will assume that the function p{x) verifies 

(1.4) 1 < Pmin < P{x) < Pmax < OO, X ^ VL 

When we are restricted to a ball we use p_ = p^{Br) and p^ = p^{Br) to denote the infimum 
and the supremum of p{x) over Br- 

We also assume that p{x) is continuous up to the boundary and that it has a modulus of 
continuity a; : M — > M, i.e. \p{x) — p{y)\ < uj{\x — y\) if \x — y\ is small. At several stages it is 
necessary to assume that p is log-Holder continuous. This is, w{r) = C(log ^)~^. 
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The precise assumptions on the modulus of continuity lo will be clearly stated in each section. 

For our main result we need to assume further that p{x) is Lipschitz continuous in Q. In that 
case, we denote by L the Lipschitz constant of p{x), namely, || VpH^cxj^j^) < L 

Assumptions on \(x). In the firsts sections we will only need A(x) to be bounded away from 
zero and infinity. We denote < Ai < X{x) < A2 < oo for x G fi. 

We will assume in the last part that A(x) is Holder continuous. 

Main Results. Our first result gives the existence of a minimizer and, under the assumption 
of Lipschitz continuity of p{x) and that p{x) > 2, the Lipschitz regularity of minimizers. 

Theorem 1.1. We prove 

• Assume that p[x) is log-Holder continuous. Then, there exists a minimizer of J in /C. 
Any such minimizer u is nonnegative, bounded and locally Holder continuous. 

• Under the same assumptions, any minimizer u is globally p{x) — subharmonic and 

^p{x)U = m {li > 0}. 

• If p G C^'^{Q) then, every minimizer is nondegenerate (see Corollary \4.^ . 

• If moreover p{x) >2 inVl, then u belongs to C^^{Vl). 

Our second result states that Lipschitz, nondegenerate minimizers of ()1.3p are weak solutions 
to (fOjl . 

Theorem 1.2. Assume that p{x) is Holder continuous and that \{x) is continuous. 

Let u be a nondegenerate, locally Lipschitz continuous minimizer of (jl.3p . Then, {u > 0} has 
finite perimeter locally in VL and 7i^~^{d{u > 0} \ dred{u > 0}) = 0. 

Moreover, for every xq € dred{u > 0}, (this is, for every xq where there is an exterior unit 
normal i'^xq) to d{u > 0} in the measure theoretic sense), u has the following asymptotic 
development, 

(1.5) u{x) = X*{xo){x — xo,u{xo))~ + o{\x — xqD as X ^ Xq 

where y{x) = [-^^X{x))"''-'^\ 

Finally, for every (j) € C^(0), there holds 

-[ |Vn|P(^)-2VnV</.dx= / (A*(x)f(^)-Vf^H^"^- 

That is, u is a weak solution to (|1.2|) in the sense of distributions. 

Now, we arrive at the last result of the paper. Namely, the regularity of the free boundary 
d{u > 0} for Lipschitz minimizers of (II. 3p . 

Theorem 1.3. Let p{x) be Lipschitz continuous, X{x) be Holder continuous, and u be a locally 
Lipschitz continuous minimizer of (jl.Sp . Then, for Ti.^~^ — almost every point in the free bound- 
ary d{u > 0} there exists a neighborhood V such that V n d{u > 0} is a C^'^ surface, for some 
7 > 0. 
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Technical comments. We finish this introduction with some comments on the technical dif- 
ficulties that we have encountered when dealing with the Laplacian, highlighting the dif- 
ferences in the arguments with respect to the previous works on Bernoulli-type free boundary 
problems. 

• As mentioned in the Appendix [XJ the log-Holder continuity is a key ingredient in order 
to deal with variable exponent Sobolev spaces. For instance, up to date, this is the 
minimum requirement in order to have that C°° be dense in L'p^'\ See |15| . 

• One fundamental tool in the analysis of this free boundary problem is the use of barriers. 
In order to construct barriers one has to look at the operator in non-divergence form. 
See [5l [121 ES]! etc. In the Laplacian case, in order to write the equation in non- 
divergence form, one has to be able to compute the derivative of p{x). Therefore, the 
assumption that p{x) be Lipschitz continuous becomes natural. See Remark IB. 31 

• Probably, the main technical difficulty that we have encountered is the fact that the 
class of p{x)— harmonic functions is not invariant under the scaling u{x) u{tx)/k if 
t ^ k. In |12l [29] this invariance was used in a crucial way in the proof of the Lipschitz 
continuity of the solutions. See, for instance, the proof of Lemma 3.2 in |12j . 

In order to overcome this difficulty we went back to the ideas in [1], but we are left 
with the additional technical assumption that p{x) > 2 in order to get the Lipschitz 
continuity of the minimizers. 

• As for Harnack's inequality in the case of p(rc)— harmonic functions, the inequality that 
holds is analogous to Harnack's inequality for the nonhomogeneous Laplace equation. 
Moreover, the constant in this inequality is not universal, but depends (in a nontrivial 
manner) on the norm of the solution. Nevertheless, the constant in Harnack's 
inequality remains invariant under homogenous scalings of a solution, see Remark IB. 21 

• We are not aware of the validity of the strong minimum principle for ^(x)— harmonic 
functions (it does not come out of Harnack's inequality). This property was used at 
several stages in previous works. In our new arguments we use instead the nondegeneracy 
of minimizers (see Lemma [4. 3p . which is valid for any p{x) > 1. With this property we 
can prove, for instance. Corollary 14.31 which is a crucial step to obtain the Lipschitz 
regularity of minimizers. 

• We believe that the hypothesis p{x) > 2 -that is needed in order to obtain the Lipschitz 
regularity of minimizers- is purely technical. This assumption is only used in Lemma [4. 2 i 
If one is able to prove this lemma for a general p{x), this assumption can be eliminated. 

• There is another step where the hypothesis that p{x) be Lipschitz is crucial. Namely, in 
order to obtain the result on the regularity of the free boundary one needs a differential 
inequality for a function of the gradient. In this paper we prove that if u is p(a;)-harmonic 
and if t; = \Vu\ is far from zero and infinity, then t; is a subsolution of an elliptic equation 
with principal part in divergence form (see Lemma iB.Sp . In order to prove this result 
we need to differentiate the equation, and therefore we need p{x) to be Lipschitz. 

• As in H], the hypothesis A(x) Holder continuous is needed in the proof of the regularity of 
the free boundary in Section 8. Note that this is a natural assumption if one expects the 

regularity of the free boundary to imply the continuity of S/u up to d{u > 0}. 

Outline of the paper. First, in Section 2, under the assumption of log-Holder continuity of 
p{x), by using standard variational arguments, we prove the existence of a minimizer for J in 
the class /C. Then, we show that every minimizer is p(x)— subharmonic and bounded. 
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In Section 3, we analyze the regularity properties of minimizers and prove, under minimal 
assumptions on p{x), that minimizers are Holder continuous (Theorem I3.2p . As a consequence, 
we deduce that u is ^(a;)— harmonic in {u > 0}. 

In Section 4, we further analyze the regularity of minimizers. This time, under the assumption 
that p{x) is (locally) Lipschitz continuous, we first prove that u is nondegenerate near a free 
boundary point (Corollarv l4.1|) . Then, assuming further that p{x) > 2, we prove that u is locally 
Lipschitz continuous (Theorem 14. ip . This completes the proof of Theorem ll.il 

In Sections 5, 6 and 7 we assume that n is a Lipschitz non-degenerate minimizer and that p 
is locally Holder continuous. 

In Section 5, we begin the proof of Theorem 1 1 . 2 1 and show the positive density of {u > 0} and 
{u = 0} at every free boundary point (Theorem 15. ip . 

In Section 6 we study the measure A = Ap(^^-^u and prove that it is absolutely continuous with 
respect to H^-'^ldiu > 0}. Then, we deduce that almost every point on the free boundary 
belongs to the reduced free boundary (Lemma 16. 2p . 

In Section 7, we finish the proof of Theorem 11.21 by proving the asymptotic development of u 
near a free boundary point in the reduced boundary. 

Finally, Section 8 is devoted to the proof of Theorem 11.31 

We finish this paper with a couple of appendices with some previous and some new results 
about j>(2;)— harmonic and subharmonic functions, that can be of independent interest. 

2. The minimization problem 

In this section we look for minimizers of the functional J7. We begin by discussing the existence 
of extremals. Next, we prove that any minimizer is a subsolution to the equation Cu = and 
finally, we prove that < u < sup ifo . 

Theorem 2.1. Let p € (7(0) and < Ai < A(a:;) < A2 < 00. // ^{(po) < 00 there exists a 
minimizer of J . 

Proof. The proof of existence is similar to the one in [22] • Since we are dealing with the Sobolev 
variable exponent, we write it down for the reader's convenience. 

Take a minimizing sequence (n„,) C JC, then J{un) is bounded, so |Vu„|^(^^ and > 0}| 
are bounded. As n„ = ipQ in (90, we have by Remark lA.ll that ||Vn„, — V(^o||p(x) — and 
by Lemma lA.ll we also have — '/'ollp(x) ^ C- Therefore, by Theorem lA.ll there exists a 
subsequence (that we still call ti„) and a function uq E W^'P^'\^l) such that 

Un uq weakly in W^'^^'\^), 

and by Theorem I A. 21 

Un^UQ weakly in VF^'^™'"(0). 

Now, by the compactness of the immersion VF^'P'"'" (0) ^ LP™»"(0) we have that, for a subse- 
quence that we still denote 

Un — > uq a.e. 0. 
As /C is convex and closed, it is weakly closed, so G /C. 
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Moreover, 

{uq > 0} C lim inf > 0} so that 



X{uo>0} S ^™™^X{«„>0}- 



< liminf 

On the other hand, 



dx < hmmi / — ax. 



p{x) n~*co p{x 



In fact, 

lVu„|P(^) , f iV'UolP(^) 



(2.6) [ ^^^^^^dx> [ ^^''f dx+ I iVnor^^^-^Vuo- (Vw„- V'Uo)dx. 

P[x) Jn P[x) Jn 

Recall that Vti„ converges weakly to Vuq in LP^'\i}). Now, since 
Theorem lA.ll and passing to the limit in (j2.6p we get 

|Vn„|P(-) , ^ /■ |Vno|f(") , 
hmmi / — — — ax > / -—■ — ax. 

P{x) Jn p{x) 



n— >oo 



Hence 



J{uo) < liminf J^K) = inf J{v) 



Therefore, uq is a minimizer of in /C. □ 



Lemma 2.1. Lei 1 < p{x) < oo and < A(x) < oo. Let u be a local minimizer of J . Then, u 
is p{x) — subharmonic. 

Proof. Let e > and < € C^. Using the minimality of u we have 

< - J n - - J n < - / ^ ^ - ^ ^ dx 

e ^ Jn P P 

<- [ |Vn-eVer"^V('u-eVC)Vedx 
and if we take e — > we obtain 

< - / |Vu|f-2vuVCdx 
Jn 

□ 

Lemma 2.2. Lei p be log-Holder continuous, 1 < p{x) < oo, < A(x) < oo and u a minimizer 

of J in K. Then, < u < sup ipo. 

n 

Proof. The proof follows as in Lemma 1.5 in [5] once we show that the functions min(M — u, 0) 
and min(n, 0) are in \^), where M = sup^ y^o- 

But this fact follows from Corollary 3.6 and Theorem 3.7 in [Tl]. □ 
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3. Holder continuity 
In this section we study the regularity of the minimizers of J'. 

As a first step, we prove that minimizers are Holder continuous provided the function p is 
log-Holder continuous. We use ideas from [1] and |12j . 

Theorem 3.1. Assume p has modulus of continuity io{r) = Clog(^)^"'^. Then, for every < 
7o < 1, there exist ro(7o,Pmm) o-n-d po = po(^0)7o) such that, if u is a minimizer of J in 
then, u G C'^''{Bpg). Moreover, if M > is such that ||u||j;^oo(5^^) < M there exists C = 
C{N,pmin,Pmax,uj{r),X2,M,-fo) such that 1 1 1 1 0-70(5;;;) < C. 

Proof. We will prove that there exist ro and po as in the statement such that, if p < po and 



(3.7) 

where p_ = p_ (5^0 ) • 

In fact, let < r < ro and v be the solution of 

(3.8) Ap(^)V = in B,., v-u & Wl'^{Br). 

Let u^{x) = su{x) + (1 — s)v{x). By using that z; is a solution of (|3.8|) we get, 

(3.9) [ \Y^_\l^dx= — [ (iVuT^Vu' -iVvr^Vv) -Viu' -v)dx. 

J Br P P Jo S Jb^^ / 

By a standard inequality (see Remark IB. II ) we have that, 

IIJ^ -ll^dx>C / \Vu-Vv\Pdx 



^^-^Q^ J Br P P WB,n{p>2} 



+ / \Vu-Vv\^{\Vu\ + \Vv\y dx], 



I 

JBrr\{p<2} 

where C = C{pmin 1 Pmax 1 

N). 

Therefore, by the minimality of n, we have (if Ai = B^. r\ {p < 2} and A2 = B^ r\ {p > 2}) 

(3.11) / \Vu - Vv\P dx < CAar^ 

(3.12) / \Vu-Vv\'^i\\/u\ + \\/v\)P~'^dx <CX2r^ 

Jai 

Let e > 0. Take p = r^~^^ and suppose that r*" < 1/2. Take r] to be chosen later. Then, by 
Young inequality and the definition of Ai we obtain, 

[ \Vu-S/v\Pdx<- [ {\Vu\ + \Vv\)P^^\Vu-Vv\'^dx 

JAinBp V JAiDBr 

(3.13) +Cri I (|Vn| + \\7v\f dx 

JBpHAi 

.c 



<-r^ 

7] 



+ Cri [ (|Vn| + \Vv\)Pdx. 



8 J.FERNANDEZ BONDER & S. MARTINEZ & N. WOLANSKI 

Therefore, by (j3.1ip and (j3.13p . we get, 



(3.14) / \Vu-Vv\Pdx <-r^ + C7] [ {\Vu\ + \Vv\)p dx. 

JBp V JBpnAi 

where C = C{X2, N,Pmin,Pmax)- 

Since, |Vti|'' < C(|Vn — Vvl"^ + |Vu|)''), for any g > 1, we have by (j3.14p . choosing t] smah 
that 



(3.15) / \Vu\P dx < Cr'^ + C I \Vv\Pdx. 

JBp 

where C = C{X2, N,Pmin,Pmax)- 

On the other hand, we have by Lemma IB. II 



(3.16) / \Vv\Pdx<C 



Br/2 





V - {^^}3r/4 


f 


r 



p 

dx. 



By the regularity of solutions, (see [I]) we have that for any < 7 < 1, 

(3.17) \v - {v}3 \ < C(7, ||'t;||i«=(B^),u;(r)) 

4 

Therefore, 

(3.18) / \Vu\Pdx <Cr^ + C{j,\\v\\Lo.^B.),io{r),pmin:Pmax,N,X2) r^-(i-^)P+. 



'Bp 

bmce V — u & wl'^^'\Br), the same proof as that of Lemma [2^2] shows that ||f — 
ll^llL°°(Br)- On the other hand, since u is a subsolution, by comparison we have < n < f and 
then 

(3-19) hWh^iBr) = \\u\\L^{Br) 

This means that the constant C depends on PmimPmax, X2,'y,uj{r) and ||n||j;^oo(^^). 
Let < 7o < 1 and let e > and < 7 < 1 such that 

N 



Pmin 1 ~l~ £ 



+ (1 - 7) = 1 - 70- 



Let ro > such that 



P^B, 



< 1 + e. 



From now on we denote, p_ = p^{Bra) and p+ = p^{BrQ] 
Then, 



-(iVe+(l-7)p+) -jVe 
P < P 



T+i < „T+F-(1-t)P- 
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Then we have by (j3.18p . (j3.19p and by our election of 7 and p that, 
\VuY'-dx<+ \VuY'dx + -^[ iViil^- 



\Bp\ JBpr\{\Vu\<i} 



<f \Vu\Pdx + l 

J Bp 



^r AT /I \ -Ns -iV£-p^.(l-7) 

< 1 + Cr-'^ + = 1 + Cp^ + Cp 



< Cp < Cp~ 

where C(7o, N,M,uj{r), X2,Pmin,Pmax)- 

Let ro as before for this choice of e and small enough so that Tq < 1/2. Then, if p < po 



'0 — ^' 



(3.20) / iVnl?'- dx < Cp ^(1+"^)^-+^^ < Cp' 



JVe 



Kl + e)P: 



rmn 



This is, if p < po = t'q^^ 



|Vn|P- dx)^^^ KCp^""-^. 



Therefore ()3.7p holds. 

Applying Morrey's Theorem, see e.g. [27], Theorem 1.53, we conclude that, u G C'^°{Bp^^) 
and 1 1 ■"11(770(5;;;;;) < with C(7o,M, Af,w(r), A2,Pmm,Pmax)- 

□ 

Thus, we have the following. 

Theorem 3.2. Assume p has modulus of continuity u!{r) = Clog(i)~"'^. Then, for every < 
7o < 1, any minimizer u belongs to C'^"(r2). Moreover, let fi' CC Q and M = ||n||x,oo(Q) . There 

exists, C = C{N, Q' 1 Pminj Pmaxj '-^{l") ? M , Jq) SUch that 1 1 "U 1 1 ,770 (FF ) — ^ 

Then, we have that u is continuous. Therefore, {u > 0} is open. We can prove the following 
property for minimizers. 

Proposition 3.1. Assume p has modulus of continuity uj{r) = Clog(-)~^. Letu he a minimizer 
of J in /C. Then, u is p{x) -harmonic in {u > 0}. 

Proof. Let B C {u > 0} he a ball and let v such that 

Ap^^)V = in S, v-ueW^'^iB). 

Since u > in i3 we get, proceeding as in (13. 9p and ()3.10p . 

f \Vu\P \Vv\P , , , ^ f \Vu\P \Vv\P , 

> / dx + X{x)xBn{u>o} - X[x)XBn{v>o} > / dx 

Jb P P Jb P P 



> 



C( [ (|Vnl + iVul)*" ^\Vu-Vv\'^dx+ [ \Vu-Vv\Pdx. 
^ Jai Ja2 
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Therefore, 

/ {\Vu\ + \7v\f^\Vu-Vv\'^dx = 0. 
JAi 

Thus, (|Vti| + Vv\Y \Vu — Vwp = in ^1 and, by the definition of Ai, we conclude that 
|Vn — Vf I = in this set. 

On the other hand, we also have 

/ \Vu-Vvfdx = 
Ja2 

so that |Vii — V^l = everywhere in B. 

Hence, as u — v € Wq'^{B) we have that u = v. Thus, Ap(a,)ti = in i?. 

□ 

4. LiPSCHITZ CONTINUITY 

In this section we prove the Lipschitz continuity and the non degeneracy of the minimizers. 
We assume throughout this section that p{x) is Lipschitz continuous. We take ideas from 

Lemma 4.1. Let p be Lipschitz continuous. Let u be a minimizer in B,.{xq) CC and v a 
solution to 

ApU = in Br{xo), v — u £ WQ''''{Br{xo)). 
Then, there exist tq = ro{p 

max 1 Pmin-i Ulijloo 

) and C = C{p 

maxiPmim-^^ such that for every 
e > there exists = M {e , pmax , Pmin, L , ||ti||oo) so that if M > and r < tq, 

|V('u - dx > C\Br{xo) n {n = 0}| m'^^-'^p- . 

Br{xo) 

where ^ 

M = - sup u. 



r B 



Proof. First observe that if we take Ur{x) = ^u{xq + rx), Vr{x) = ^v{xo + rx) and Pr{x) = 
p{xq + rx) then, 

\V{ur-VrW^^''Ux = r^^ [ \V{u-v)\P^''Uy, 

Bi JBrixo] 

\Bi n {ur = 0}| = r-^\Br{xo) n{u = 0}|, 

1 

sup Ur = - sup U, 

53/4(0) ^ Ba^ixo) 

and II Vpr.(x) lloo = ?^||Vp(xo + ?'x)||oo- Since ||Vpr.(x)|| is small, if r is small, we will assume that 
r = 1 and || Vp||j;^oo(^^) < 6 with 5 as small as needed (by taking ro small enough). 

So that, from now on we assume that xq = and r = 1. 

For |z| < ^ we consider the change of variables from Bi into itself such that z becomes the 
new origin. We call Uz{x) = u(^{l — \x\)z + x), Vz{x) = v[{l — \x\)z + x^, pz{x) = p[{l — \x\)z + xY 
Observe that this change of variables leaves the boundary fixed. Define, 



inf 



/ — < r < 1 and Uz{r^) = o|. 
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if this set is nonempty. 

Now, for almost every ^ G dBi we have 

(4.21) v,{r^O = j^ ^{uz-v,){ri)dr < \V{u, - v,){ri)\dr. 

Let us assume that the following inequality holds: There exist > and such that if 
5 <5q and M > Me, 

(4.22) v,{r^O > - r^M^^' 
where M = supsy^{o) u. 

Let B = M^-^. Then, for any rj > we have, 

, . f' |V(^.-^.)(rg)r-(^^'^) , ^ f' PzirO-l ^ . 

(4.23) v,{r^i)< / dr+ / --—B7]dr, 

and using (j4.22p and (|4.23|) with rj small we have. 
Therefore, 

(4.25) |V(n, - t;.)(re)r^('^^) dr > C{p+,p.){l - r^)BP- 

Then, using (j4.25p . integrating first over dBi and then over \z\ < 1/2 we obtain as in [5], 

/ \V{u-v)\P^''Ux>C\Bin{u = 0}\BP-. 

Jbi 

So we have the desired result. 

Therefore, we only have to prove ()4.22p . Observe that, since 1^1 < 1/2, it is enough to prove 
that v{x) > M^~^{1 — \x\) if M is large enough. 

If \x\ < 3/4, by Remark IB. 21 we have 

v{x) >Ci{ sup V- 3/4) > Ci( sup u - 3/4) = Ci{M - 3/4) > 

^3/4(0) B3/4(0) 2 

if M > 2, with Ci depending on Pmin,Pmax, L and |lu||oo (the bound of v before rescaling, see 
Remark IB. 2 1 that equals the bound of u before rescaling). 

If \x\ > 3/4 we prove by a comparison argument that inequality ()4.22p also holds. In fact, we 
know 



V > C2M in i?3/4. 

Take w{x) = 0M(e~'^l^l^ — e^^), where d is such that w < v on dB^/4^. Let //q and Eq as in 
Lemma lB.41 Then if /i > /^o and 5 < Eq, there holds that 

C(^, e, M,p)Ap^,)W > Ciiji - CsIIVpIIooI log(^M)l) > (7i(/i - C26\ log(0M)|) in B^ \ By^, 
w<C2M on 5^3/4, 

w = on dBi. 
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C2 

Recall that 9 = Thus, if /i is large enough (depending on C2), there holds that 

\\oge\ < 2fi. 
Therefore, 

9, M,p)Ap^,)W^ > Ciifi - C226fi - C2S\ log M|). 
Let So > 0. Assume further that 6 < 60 < \{C2)~^ and take fi = 2C26q\ logM|. Then, 

\ix)W > in 5i \ ^3/4, 
w < C2M on 9^3/4, 
w = on dBi. 



Thus, w < V in Bi\ B^/^. Now, 

w > ee-V(l - \x\)M > C2Me-^/^^''fi{l - \x\) 

> CsM^-^^'^il - |x|)(5ologM = C3M1-^^"(1 - \x\)\ogM^° 

if M > 1. 

Given e > 0, assume further that CSq < e and then, that M is large enough (that is M > M^) 
so that C3logM''o > 1. Then, 



w > M^"^(l - in Bi \ ^3/4, 

so that 

V > M^-'{1 - \x\) in Bi \ B^. 
Recalling the estimate inside the ball -B3/4 we get, as M > 1, 

V > C2M > - \x\) in S3/4, 

if M is large enough, and (I4.22p is proved. □ 
Lemma 4.2. Let p e Lip{VL), p>2inVL, There exist vq = ro{p 

Cmax{Pmax,Pmin, L, X2, M) such that if r < tq, each local minimizer u with ||«||oo ^ M has the 
following property: If B3^{xo) CC il, 

4 

— sup u > Cmax implies A„/^)U = in Bj.{xq) 

B, [x,) 

Proof. Take v as in the previous lemma. By a standard inequality we have if p{x) > 2 (see |12j). 
\2\Br{xQ) n {n = 0}j > \2{\Br{xQ) R > 0}| - \Br{xQ) R {u > 0}j) > 



lBr{xo) P P JBrixo) 

If Cmax is large enough, by the previous lemma we get, 

\{U = Q} ^ Br{xQ)}\ > C\{U = {}} r\ Br{xQ)}\{- SUp U^^"^^^"* 



A FREE BOUNDARY PROBLEM FOR THE p{x)- LAPLACIAN 13 

Therefore, if Cmax is big enough we have that \{u = 0} f] Br}\ = and we obtain the desired 
result since 



f \Vu-Vv\P^''Ux <C\{u = 0}nBr.}\ 



so that, u = V in Br- □ 

Lemma 4.3. Let p G Lip{Q). For any < k < 1 There exist tq, > such that if r < r^ and 
Br{xo) CC fl, 

- sup u < Ck implies u = in Bi^rixo)- 

Br{xo) 

Here rg depends on K,pmin,Pmax, L and N and depends also on Ai. 

Proof. We may suppose that r = 1 and that Br is centered at zero, (if not, we take the rescaled 
function u = ^(^o+rx) -^^ Moreover, by taking r < rg we may assume that || Vp||/^oo(5^) < 6. 
Let £ := sup^ u. Choose v as 

r|^(e-H-P_e-M-^) mB^\B,, 
[0 in B^, 

where = (e"'^'^ - e"'^'^^) < 0. 

By Lemma IB.41 we have if p, is large enough, 

^e'^NV^|2-fAp(,)(-t;) > Ci(M-C2||Vp|U|log — I) 

> Ciif, - CallVpllool log (-c^)l - C2||Vp||oo| logel). 

If > we have, 

g-M'^ < g-M«(g-M«(«-i) _ 1) = e-M«' _ e-M« = < g-A'^" < 1. 

Then, > log(— c^) > —fiK. Therefore, 



iigMN \Vv\^-PAp^,){-v) > Ci{{l - C2K\\Vp\Uli - C2\\Vp\Uloge\). 



If 5 < ttS— we have, 
— 2G2K ' 



i2ieH-P|V^;|2-PAp(,)(-^) > Ci(^^ - C2d\loge\) > 



if we choose [x > 2C26\ loge|. 

Hence, if r < tq := ^° II^pIIoo < <^o = 2C^' ^^'^^ ~ 2C25o|loge| 

loge|, 

Ap(x)^^ < inB^\5K- 
By construction > u on dB^. Thus, if we take 



w 



mm{u, v) in B^, 

u hi n\ B^, 
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we find that w is an admissible function for the minimizing problem. Thus, using the convexity 
we find that 



f |V'u|P(^) ^ 
Jb. ^ ^XB.n{«>0} dx 



|V'u|P(^) 

|Vn|P(^) 
p{x) 



/ i——dx+ / {XxB^n{u>o} - >^Xnn{u>Q}) dx 



<J{w)- / — dx + / (AxB„n{«>0} - ^Xf7n{«>0}) ^^a; 
Jn\B^ P\^) Jn 

f |Vw;|P(^) , f |Vn|P(^) , 
< / — dx — — dx 

Jb^\b^ P{x) Jb^\b^ P{x) 



<[ \Vw\P^^^^'^Vw{Vw-Vu)dx = - f \Vw\^'^''^-'^VwV{u-v)+ dx 
Jb^\b^ Jb^\b^ 

= - [ \Vv\P'-''^-^VvV{u-v)+dx 

J(B rr\B„.) 



and as f is a classical supersolution we have 

|V'u|P(^) 



f \Y^ + XxB.n{u>o}dx< f \Vvr(^)-\ dn''-\ 

Jb^ Pix) JdB. 

On the other hand, if > -^r^r;^, then 1 — g-A"«(i^'*) > 1/2 and therefore, v satisfies 



1^ I 2Keae ^'^ 2eKri 

Thus, 



I \Y]^ + XxB^n{u>o}dx<C{p){e\loge\r~"' [ udU' 
Jb^ P[x) Jqb^ 



u dx 



|Vn|P(^) 
p{x) 

By Sobolev's trace inequality we have, 

/ u< C{N,k) / \Vu\+udx 

JdB^ Jb^ 

<C{N,p,k)( [ |Vnr(") + |S,n{n>0}|+ / 
^ JBk Jbk 

< CiN, K,p, Ai)(l + e) ( + ^il^"" > 0} n i?, 

where in the last inequality we are using that udx < e\{u > 0} fl B^^l. Therefore, 

[ \Y:!^dx + X,\B,n{u>0}\<Cie\loge\r-'( [ ^-^^^ dx + Xi\B, D {u > 0}\) , 
JBk P\^) ^Jb^ P\x) ' 

where C = C{N, K,p, Xi). 

So that, if £ is small enough 

/ ' .' . dx + Xi\B^n{u>0}\=0. 
Jbk P(x) 
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□ 



As a corollary we have, 

Corollary 4.1. Letp € Lip[Q). There exist ro, Cmin > such that ifr < rp and Br{x()) CC il, 
— sup u < Cmin implies u = in Bj./2{xq). 

Here rg depends on pmim Pmax , L and N and Cmin depends also on Ai. 

Corollary 14 . II states that, if p is Lipschitz, then any minimizer is non-degenerate, i.e, 
Corollary 4.2. Let p G Lip{n). Let D CC n, xq e D n d{u > 0}. Then 

sup u > Cminr, ifr<ro 

Br{xo) 



where Cmin is the constant in Corollary \4.1\ and ro depends also on D. 

Corollary 4.3. Let p G Lip{0,) and p>2. Let D CC xq e Df] d{u > 0}. Then 

sup u < Cmaxr, if r < rQ 
Bs^ixo) 

where Cmax is the constant in Lemma and ro depends also on D. 

Proof. Assume by contradiction that the inequality is false. Then, by Lemma [121 Ap(^^-jU = 
in Br^xo). Therefore, by the regularity results in [T], Vu € C"'{Br{xo)) and, since u > and 
u{xo) = 0, there holds that Vii(xo) = 0. Thus, |Vti(x)| < Cp" in Bp if p < 3r/4. Prom here we 
have that u{x) < Cp^^"' in ^ if p < 3r/4. 

On the other hand, by Corollary 14.21 |Cm,mP < ^'^VBp{xo) ^ — C'p^^" if P is small, which is a 
contradiction. □ 

Now we can prove the local Lipschitz continuity of minimizers of J when p G Lip{Q) and 
p>2. 

Theorem 4.1. Let p G Lip{^}) and p > 2. Let u be a minimizer of J in K. Then, u is locally 
Lipschitz continuous in $7. Moreover, for any connected open subset D CC 0, containing free 
boundary points, the Lipschitz constant of u in D is estimated by a constant C depending only 
on N,pmaz,Pmin,L,dist{D,dQ), |||Vn|P(^)||ii(Q), Ai and X2. 

Proof. The proof follows as in ^ , from Corollary 14.31 and the gradient estimate 



|Vu(y)| < C( 1 + - sup u 



P-(Sr) 



^ Br(y) 

that holds if Ap^^^^u = in Br{y) (see Lemma rB.3p . □ 
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5. Linear growth - Positive density 



Throughout this section we will assume that u is a locally Lipschitz, non-degenerate (i.e. 
satisfying the conclusions of Corollary 14. 2|) minimizer, and we also assume that p is Holder 
continuous. 

Theorem 5.1. Suppose that p is Holder continuous, u is Lipschitz with constant Cup and non- 
degenerate with constants c and tq. For any domain D <ZC ft there exists a constant c, with 
< c < 1 depending on N,CLip,c,D and the Holder modulus of continuity of p, such that, for 
any minimizer u and for every C ft, centered at the free boundary with r < tq we have, 

\Br\ 

Proof. First, by the non-degeneracy we have that there exists y G Br such that u{y) > cr so 
that, 



sup u> u{y) > cr. 



Therefore, 



Now, if K is small enough, we have 



1 c 
— sup u> —. 

Kr B , , K 



1 

— sup u > Clip- 



Using the fact that u is Lipschitz with constant Cup we find that tt > in Bi^r-, where 
K = K{CLip,c). Thus, 

\Brn{u > 0}| \B^r\ _ N 

i i — ~i i~ — ^ 

I Bj- \ I Bj, I 

In order to prove the other inequality, we may assume that r = 1 and the ball is centered at 
the origin. Let us suppose by contradiction that there exists a sequence of minimizers Uk in Bi, 
corresponding to powers Pmin < Pk{x) < Pmax with the same Holder modulus of continuity a;(r), 
Uk Lipschitz with constant Cup and non-degenerate with constant c such that, G d{uk > 0} 
and \{uk = 0} n -Bil = efc ^ 0. Let us take Vk G W'^'P>''^''\Bi/2) such that, 

(5.26) Ap^(,)t;fc = in B,/^, - Uk e W^''"'^''\By2)- 

We have, by the arguments leading to (|3.12|) . 

and 

Vvfcp dx < Csk- 



L 



te>2}nB 



iVufc - VufcT^^"^^ dx < Cek 



1/2 



{Pfe<2}nBi/2 
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Now, since \Vuk\ < Cup for every k, 



I {\Vuk\ + \Vvk\y'^''^ ^\yuk-Vvk?dx> 

i{Pfc<2}nBi/2 

J{Pk<2}nBj/2 



C / \Vuk - Vvk\'^dx+ 

i{pfe<2,|Vnfe-V«fc|<|Vnfe|}nBi/2 



J {Pk<2,\Vuk-Vvk\>\\7uk\}nBi/2 

On the other hand, using again that |Vtifc| < Cup for every k, assuming that p„ < 2, 

^{pfc<2,|V«fc-VDfe|<|V«fc|}nBi/, 



Ifp- >2, 



C / \Vuk-Vvk\P- dx < 

C( [ \\/uk -Vvk\'^ dxY'^^ 

i{pfc<2,|V«fc-VDfe|<|V«A,|}nBi/2 

C / \Vuk - Vvkf dx < Csk. 

i{pfc<2,|V«fc-VDfe|<|V«fc|}nBi/2 

Summing up we get, 
(5.27) f jVufc - Vwfcp^^^dx < Cmax{efc,e^-/^}. 

On the other hand, since |lnfc||oo < Cup and \\vk\\c^,c^{Bp) < C{^, P,P+,P- ll^^fc||L°°(Bi/2)) 
(see p.l9p for the bound of ||t'fc||L°o(_Bi/2) H regularity of Vk), there holds that, for 

a subsequence, — > vq and Vv^ — > Vvq uniformly on compact subsets of i?i/2- 

Finally, since ||ti/c ||Lip(B^^2) — ^Lip we have, for a subsequence, uq uniformly in i?i/2- 

Let Wk = Uk — Vk- Then, Wk ^ uq — vq uniformly on compact subsets of -Bi/2- Let us see that 

Uq = Vq. 

In fact, by ()5.27p we have that || Vwfc||^pj.{i:) — > 0. Since Wk S Wq'^''^^\Bi/2), by Poincare 
inequality we get that ||wfc||2^Pfe(^)(g^ — > 0. By Theorem IA.2I there holds that Wfe ^ in 
L*'~(i?i/2) and, for a subsequence, — > almost everywhere. Thus, uq = vq. 

Since, the p^'s are uniformly Holder continuous and are uniformly bounded, there exists pq 
such that (for a subsequence) pk — > Po uniformly in i?i/2- 

Now, recall that Vk uq in C^{Bi/2)- Then, Ap^^^^-^uo = in i?i/2- 
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As Uk — ^ uq uniformly in B1/2 and are uniformly non-degenerate we get, sup^__ uq > cs for s 
small. But Uo{0) = limnfc(O) = 0. By the same argument as that in Corollary 14.31 we arrive at 
a contradiction. □ 

Remark 5.1. Theorem 15.11 implies that the free boundary has Lebesgue measure zero. In fact, 
in order to prove this statement, it is enough to use the first inequality in Theorem 15. H as this 
estimate says that the set of Lebesgue points of X{u>o} d{u > 0} n D is empty. On the other 
hand almost every point xq € d{u > 0} n D is a Lebesgue point, therefore \d{u > 0} H D\ = 0. 

6. The measure A = Ap(^.)U 

We still assume that u is a non-degenerate, locally Lipschitz minimizer. 

In this section we assume that p is Holder continuous. First, we prove that {u > 0} (1 0, 
is locally of finite perimeter. Then, we study the measure A = Ap(^.)n and prove that it is 
absolutely continuous with respect to the TC^^^ measure restricted to the free boundary. This 
result gives rise to a representation theorem for the measure A. Finally, we prove that almost 
every point in the free boundary belongs to the reduced free boundary. 

Theorem 6.1. For every ip € (7^(17) such that supp((/7) d {u > 0}, 

(6.28) / |Vn|P(^)^2yyy^ ^ 0^ 

Jo. 

Moreover, the application 



A((^) := - / |Vn|P(^')-2VuV(^d2; 
Jo. 



from Cg°($7) into M defines a nonnegative Radon measure A = Ap(^)U with support on Qnd{u > 
0}. 

Proof. We know that u is subharmonic. Then, by the Riesz Representation Theorem, 

there exists a nonnegative Radon measure A, such that Ap^^-jii = A. And, as Ap^^^u = in 
{u > 0}, for any (f G C^(0 \ d{u > 0}) there holds that A{(f) = and the result follows. □ 

Now we want to prove that 0, d{u > 0}, has finite — 1 dimensional Hausdorff measure. 
First, we need the following lemma. 

Lemma 6.1. Let he a sequence of minimizers in Bi corresponding to powers Pk{x) and 
coefficients \k{x) with 1 < Pmin < Pk{x) < Pmax < 00, < Ai < Afc(x) < A2 < 00, and all the 
Pk 's with the same modulus of continuity uj(r). Assume Uk — > uq uniformly in Bi, |Viifc| < Ciip 
in Bi, and that the Uk's are non- degenerate in Bi with constants cq and tq. Then, 

(1) d{uk > 0} ^ d{uQ > 0} locally in Hausdorff distance, 

(2) X{uk>o} X{uo>o} L^{Bi), 

(3) //O G d{uk > 0}, then G d{uo > 0}. 

Proof. The proof follows as in pp. 19-20 of [5]. □ 



Now, we prove the following theorem. 
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Theorem 6.2. For any domain D C<Z ft there exist constants c, C, depending on N, Cup, cq, tq, 
Pmm J Pmax ; Ai, A2, u;(r) and D such that, for any minimizer u with |Vn| < Cup, non- degenerate 
with constants cq and ro, and for every Bj. dVL, centered on the free boundary with r < r^, we 
have 

cr""-' < [ dA< Cr""-' 

JBr 

Proof. The ideas are similar to the ones for the case p constant in [12] , with modifications similar 
to the ones in the proof of Theorem 15.11 □ 

Therefore, we have the following representation theorem 

Theorem 6.3 (Representation Theorem). Let u he a non- degenerate, locally Lipschitz contin- 
uous minimizer. Then, 

(1) n^~^{D n d{u > 0}) < 00 for every D CC 

(2) There exists a Borel function Qu such that 

N-l I 



Ap(^,^u = qun"-'ld{u>0}. 



I.e 



- [ \Vu\P^''^''^VuVipdx= [ quipdn^-\ Co°°(0). 

Jn Jnnd{u>o} 

(3) For D CC Q there are constants < c < C < 00 such that for Br{x) C D and 
X G d{u > 0}, 

c < qu{x) < C, cr^~^ < n^~\Br{x) H d{u > 0}) < C r^~\ 

Proof. It follows as in Theorem 4.5 in [3]. □ 

Remark 6.1. As u satisfies the conclusions of Theorem 16. 3| the set il. f] {u > 0} has finite 
perimeter locally in O (see [IT] 4.5.11). That is, := — Vx{u>o} is a Borel measure, and the 
total variation is a Radon measure. We define the reduced boundary as in [T7], 4.5.5. (see 
also [16]) by, dred{u > 0} := {x € fl d{u > 0}/\iyu{x)\ = 1}, where Uuix) is a unit vector with 

(6-29) / \X{u>o} - X{y/{y-x,u^{x))<o}\ = o{r^) 

J Brix) 

for r ^ 0, if such a vector exists, and i^ui^) = otherwise. By the results in [T7] Theorem 4.5.6 
we have, 

f^u = iy.un^~^[dred{u > 0}. 
Lemma 6.2. n^~^{d{u > 0} \ drcd{u > 0}) = 0. 



Proof. This is a consequence of the density property of Theorem 15.11 and Theorem 4.5.6 (3) of 

m- □ 
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7. Asymptotic development and identification of the function qu 

In this section we still assume that u is a non-degenerate, locally Lipschitz continuous mini- 
mizer, p is Holder continuous and, moreover we assume that A is continuous. 

We prove some properties of blow up sequences of minimizers and prove that any limit of a 
blow up sequence is a minimizer. Then, we find an asymptotic development of minimizers near 
points in their reduced free boundary. Finally, we identify the function for almost every point 
in the reduced free boundary. 

We first prove some properties of blow up sequences. 

Definition 7.1. Let Bp^{xk) C D CC Vl he a sequence of halls with pk ^ 0, Xk ^ xq £ Q and 
u{xk) = 0. Let 

Uk{x) := —u{xk + Pkx). 
Pk 

We call Uk a blow-up sequence with respect to Bp^[xk)- 

Since u is locally Lipschitz continuous, there exists a blow-up limit uq : M such that, 

for a subsequence, 

Uk — > in Cioj,(]R^) for every < a < 1, 
Vufc Vno * -weakly in L'^^{m!^), 

and no is Lipschitz in with constant Cup. 

Lemma 7.1. If u is a non-degenerate, locally Lipschitz continuous minimizer then, 

(1) d{uk > 0} ^ d{uQ > 0} locally in Hausdorff distance, 

(2) X{«fc>0} X{no>0} ^loc(I^^)' 

(3) Vufc —> Vno uniformly in compact suhsets of {uq > 0}, 

(4) Vnfc Vno a.e in il., 

(5) Ifxk G d{u > 0}, then G d{uo > 0} 

(6) \{xo)Uo = in {no > 0} 

(7) no is Lipschitz continuous and non- degenerate with the same constants CLip and cq as 
u. 

Proof. (1), (2) and (5) follow from Lemma l6.ll For the proof of (3) and (4) we use that Vn^ 
are uniformly Holder continuous in compact subsets of {no > 0} and ideas similar to those 
in pp. 19-20 in [5]. (6) follows from (3) and the fact that Ap^.(2.)nfc = in {uk > 0} with 
Pk{x) = p{xo -\- pkx) — > p{xq) uniformly in compact sets of . (7) follows immediately from the 
uniform convergence of Uk and the fact that they are all non-degenerate with constant cq. □ 

Lemma 7.2. Let u he a non-degenerate, locally Lipschitz continuous minimizer with u{xm) = 0, 
Xm xq gCI. Then, any hlow up limit uq respect to Bp^{x„i) is a minimizer of J corresponding 
to p = p{xq) and A = A(xo) in any hall. 

Proof See 0]. □ 
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In the sequel we will call X*{x) = i^^^^i '^(^) j 
We have, 

Lemma 7.3. Let u be a non- degenerate, Lipschitz continuous, local minimizer in corre- 
sponding to p{x) = po and A(x) = Aq, such that u = Xi{x, uq)^ in Br, with i? > 0, < Ai < oo 

/ \ l/po 

and vq a unit vector. Then, Ai = {'^zi -^o j 

Proof. See [29]. □ 

Lemma 7.4. Let u he a locally Lipschitz, non- degenerate local minimizer in Bi with power p{x) 
Holder and coefficient A(x) continuous. Let xq € d{u > 0} n i?i such that there exists a ball B 
contained in Biri{u = 0} touching d{u > 0} at the point xq. Then, 

linisup = X*{xo) 

x^xQ dzsti^x, B^ 

u{x)>0 

Proof. See, for instance [29] for the idea of the proof. Here we use Lemmas 17.21 and 17.31 □ 
Lemma 7.5. Let u ^ K, he a minimizer. Then, for every S H d{u > 0} 

(7.30) limsup \Vu{x)\ = X*{xo). 

X — >-Xq 

u(x)>0 

Proof. For the idea of the proof see, for instance [29|. Here we use Lemmas 17.21 and 17.31 □ 

Theorem 7.1. Letu be a minimizer, then forTl^~^ — a.e xq € d{u > 0}, the following properties 
hold, 

(?Jxo) = A*(xo)^("°)-^ 

and 

(7.31) u{x) = X*{xo){x - xo,i^uixo))~ + o{\x - xo\) 

Proof. In order to prove (j7.31|) we follow the ideas of [5U] using Lemma 17.11 items (6) and (7) 
and Lemmas 17. 2|, 17.31 and I7.5[ □ 



8. Regularity of the free boundary 



In this section we assume that A is Holder continuous and p Lipschitz with constant L, and 
therefore the corresponding A* will also be Holder continuous. We denote by C* the constant 
of Holder continuity of A* and by a* its Holder exponent. 

We prove the regularity of the free boundary of a minimizer u in a neighborhood of every 
"flat" free boundary point. In particular, we prove the regularity in a neighborhood of every 
point in dred{u > 0} where u has the asymptotic development ()7.3ip . Then, if n is a minimizer, 
dred{u > 0} is smooth and the remainder of the free boundary has TC^~^— measure zero. 

First, we recall some definitions and then, we point out the only significant differences with 
the proofs in [12] with p constant. The rest of the proof of the regularity then follows as sections 
6, 7, 8 and 9 of [E]. 
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Remark 8.1. In [12], Sections 6, 7 and 8 the authors use the fact that when |Vu| > c, u 
satisfies a Unear nondivergence uniformly ehiptic equation, Tu = 0. In our case we have that 
when |Vu| > c, n is a solution of the equation defined in ()B.7p . As in those sections the authors 
only use the fact that this operator is linear and uniformly elliptic, then the results of those 
sections in [12] extend to our case without any change. 

For the reader's convenience, we sketch here the proof of the regularity of the free boundary 
by a series of steps and we write down the proofs in those cases in which we have to make 
modifications. 

8.1. Flatness and nondegeneracy of the gradient. 

Definition 8.1 (Flat free boundary points). Let < a-^.,a^ < 1 and r > 0. We say that u is 



u{x) > — A*(0)(x7v + C-/o) for xn < —a-p. 

(2) |Vti| < A*(0)(1 + t) in Bp. 

// the origin is replaced by xq and the direction cn by the unit vector v we say that u is of class 
F{a^,a-;T) in Bp{xo) in direction v. 

Theorem 8.1. Let p be Lipschitz continuous, 1 < Pmin ^ p{x) < Pmax < oo, A Holder continu- 
ous with < Ai < A(x) < A2 < oo and modulus of continuity uj\{r) = C^,r°' . Then, there exist 
(To > and Cq > such that if C^p"' < A*(0)cr and < a < ctq, 



Proof. By rescaling, we may assume that p = 1 and osc^iA* < d^p" . 

Then, we proceed as in |12| . Lemmas 6.5, 6.6 and Theorem 6.3. One of the differences in 
our case is that A* is not a constant. Moreover, we cannot assume that A*(0) = 1. First, we 
construct, for k > 0, a barrier u as a solution to 



Here the set D is constructed as in [12] . As in that paper, we want to prove that there exists 

€ dBr{£,) such that v{x^) > u{x^) if k, is large enough. 

By contradiction, by Lemma 17.41 if f < n on dBj.{C) there holds that 




u G F[a, 1;(t) in Bi with power p[x) and |Vpj < Ca in Bp implies 
u € F(2(T, CqO"; fj) in -Bp/2- 



< 



' \{x)V = 

V = Q 

v = \*{<d){l + a){a -xn) 

V = -A*(0)(1 - Ka)xN 



in D \ Brio 
on dD \ Bi 
on dD n Bi 
on dBriO 



Vv{z)\ > X*iz) 



where z £ dD n B1/2 n d{u > 0}. 
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Then, 

\Vv{z)\ > X*{0){l-a). 

In order to get the contradiction we need the following estimate: 

\Vv{z)\ < A*(0)(1 + Ccj - CKa). 

For that purpose, we proceed again as in [12] by constructing a barrier for v of the form vi — Kav2 
where vi and V2 are the same functions of [12], Claim 6.8. One can check, as in [12], that vi is 
a supersolution and V2 is a subsolution to an elliptic equation in nondivergence form in such a 
way that Ap(^.)(?;i — Kav2) < 0. The difference in our case is that this equation has first order 
terms. But these terms are bounded by La log 2 since by construction ^ < |V(fi — Kav2)\ < 2. 

In this way the results corresponding to Lemmas 6.5 and 6.6 in [T2] are proved. In order to 
finish the proof of the theorem we proceed as in Theorem 6.3. We consider the function 

w{x) = A*(0)(1 + (T){a - xn) - u{x) > in B2r{i) 

and prove that w{x^) < Ca where x^ € dBr{(,) is such v{x^) > u{x^). Finally, in order to apply 
Harnack inequality to get w{x) < Ca in -Br(C) we observe that w satisfies 

I Lit; I < Co- in B2r{0 

where L is the linear operator given in (|B.6p such that Lu = (observe that at this stage we 
already know that \Vu\ > A*(0)/2 in B^riO- ^ 

Theorem 8.2. Let p be Lipschitz continuous, 1 < Pmin ^ p{x) < Pmax < oo, A Holder continu- 
ous with < Ai < A(a;) < A2 < cjo and modulus of continuity u)\{r) = d^r"' . For every (5 > 
there exist 0-5 > and > such that if C^p°^ < A*(0)cr, < cr < a^, 

u G F{a, 1;(t) in Bp with power p{x) and |Vp| < Ca implies 
|Vti| > A*(0)(1 - 6) in Bp/2 n {xn < -Csa}. 

Proof. The proof follows as Theorem 6.4 in [12]. □ 



8.2. Nonhomogeneous blow-up. 

Lemma 8.1. Let € F{ai:,ak',Tk) € Bp^^ with power p]^{x) and coefficient Xk{x) such that 
|Vpfc| < L, 1 < Pmin ^ Pki-c) < Pmax < oo, A^ Holder with exponent a* and constant Cf, 
< Ai < \k{x) < A2 < 00. Assume ak — > 0, Tka'^'^ and < p^r^ with pQ > 0. For 
y G B[, set 

fkiy) = sup{/i : {pkV^cFkPkh) e d{uk > 0}}, 
fkiy) = • {Pky,(^kPkh) G d{uk > 0}}. 

Then, for a subsequence, 

(1) f{y) = limsup z^y /^(z) = liminf f^{z) for all y e B[. 

k—>oo k—>oc 

Further, f^—^f,ff^^f uniformly, /(O) = 0, |/| < 1 and f is continuous. 

(2) / is subharmonic. 
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Proof. (1) is the analogue of Lemma 5.3 in [5]. The proof is based on Theorem 6.3 and is 
identical to the one of Lemma 7.3 in [3]. 

For the reader's convenience, we write down the proof of (2) that is a little bit different from 
the one in [1] since we do not have the homogeneity of the operator so that we need to keep 
track of the coefficient A^(0). Also, our assumption in this and the ongoing sections is that X{x) 
is Holder continuous as compared to the assumption in [3]. 

We assume by taking Uk{x) = Uk{pkx)/pk, Pk{x) = Pk{pkx) and Afc(x) = \k{pkx) that Uk G 
F{crk,(Tk',Tk) in Bi with power pk and coefficient Afc. We drop the tildes but recall that now 
\Vpk\ < Lpk and |A*(x) - A*(0)| < C^f 

Observe that by the Holder continuity of the original A^, we have that, 

(8.32) \l{x) > Xm - C*pf = Ximi - Cpf) 

Let us assume, by contradiction, that there is a ball B'p{yQ) C Bi and a harmonic function g 
in a neighborhood of this ball, such that 

5 > / on dB'p{yo) and f{yo) > g{yo). 

Let, 

Z+ = {x e Bi / X = {y,h), y G B'p{yo),h > akg{y)}, 

and similarly Zq and Z~ . As in Lemma 7.5 in [3], using the same test function and the Repre- 
sentation Theorem 16.31 we arrive at, 

(8.33) / \Vukr-^Vuk-vd'H''-^ = f qu,{x)d'H''-\ 
J{«fc>o}nZo iSred{«fe>o}nz+ 

As Uk S F{ak,crk,Tk) we have that |Vnfc| < A^(0)(1 + Tk) and, by Theorem 17. 11 there holds that 
Quk{x) = A^(x)^*'^^^~^ for H^~^ — a.e point in dred{uk > 0}. Therefore, 

(8.34) / iVukl^^^^Vuk-iydH^-^ = [ X^'^'^-^ dU^ . 
i{«fe>o}nZo J dred{uk>o}nz+ 

Applying the estimate ()8.32p to ()8.34p and, assuming for simplicity that A^(0) > 1 we have, 

A^o)^^- -1 (1 - Cpfyt-^ n''~\dred{uk > 0} n z+) 

< / \Vuk\^^~^Vuk-vdn^-^ 

< xuor^~\i + Tkr^-'n''-\{nk > 0} n Zo) 

Then we have, 

(8.35) n''-\dred{uk > 0} n z+) < xiioft-p^- ^y^,. )'''"V-^(K > 0} n Zo). 

On the other hand, by the excess area estimate in Lemma 7.5 in [1] we have that, 

n^'-HdredEk nz)> n^'-Hzo) + cal 

where Z = B'p{yo) x M and Ek = {uk > 0} U Z~ . 
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We also have, 

n^'-HdredEk nz)< n''^\z+ n 9,,edK > o}) + Ti^-^Zo n K = o}). 

Using these two inequaUties and the fact that T-L^~^{Zq Pi d{uk > 0}) = (if this is not true we 
replace g hy g + cq for a small constant cq) we have that, 

(8.36) n^'-Hdrediuk > 0} n z+) > h''~\Zo n K > o}) + cal 

Finally by (jH^HIl and ([8:36]) we have that. 



7^^^-^(K>0}nZo) + ca^<A^(0)^^ -^-(^-^ ) 7^^^-^(K > 0} n Zp). 
Therefore, since — < -Z^pfc, 



Observe that if A^(0) < 1, we arrive at the same estimate. 

Finally, since p'^ < poTk this contradicts the fact that ^^Oas/c— >cx3. □ 
Lemma 8.2. There exists a positive constant C = C{N) such that, for any y G 

t"-2{i f-f{y))<c,. 

Jo r^^J QB,^y) ) 

Proof. It follows as Lemma 8.3 in |12] . by Remark 18.11 and Theorem 18.21 

The only difference is that the functions = {ukiUi h) + h)/ak verify a second order elliptic 
equation in non-divergence form with Holder principal coefficients and bounded first order 
coefficients. 

As in the proof of Lemma [8. 11 since \S/pk\ 0, these first order coefficients converge to and 
so, by the W'^''^ regularity estimates of [2D], Chapter 9, we can pass to the limit to discover that 
Wk ^ w and w satisfies a second order elliptic equation in non-divergence form with constant 
coefficients with only principal part. 

After that, the proof follows without any change as that of Lemma 8.3 in |12| . □ 

With these two lemmas we have by Lemma 7.7 and Lemma 7.8 in [1], 

Lemma 8.3. (1) / is Lipschitz in By^^ with Lipschitz constant depending on Ci and N . 
(2) There exists a constant C = C{N) > and for < < 1, there exists cq = c{6, N) > 0, 
such that we can find a ball B'^ and a vector I G M^^^ with 

Q 

ce < r < 6, \l\ < C, and f{y) < l.y + -r for \y\ < r. 

And, as in Lemma 7.9 in [1] we have. 
Lemma 8.4. Let 9, C , cq as in Lemma \8.3l There exists a positive constants gq, such that 
(8.37) u G F{a, cr; r) in Bp in direction v 

with a < (T51, r < aga'^ and < pqt, implies 

u G F{9a, l;r) in Bp in direction i> 
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for some p and v with cgp < p < 9p and \i> — v\ < Ca, where ag = crg{9, N). 
Lemma 8.5. Given < 9 < 1, there exist positive constants ag, cg and C such that 

(8.38) u S F[a, 1; r) in Bp in direction v 
with a < ag, t < aga'^ and < pqt, then 

u € F{9a, 9a- O'^t) in Bp in direction v 
for some p and v with cgp < p <\p and \v — v\ < Ca, where cg = cg{9,N), ag = ag{9,N). 

Proof. We obtain the improvement of the value r inductively. If ag is small enough, we can 
apply Theorem 18.11 and obtain 

u G F{Ca, Ca; r) in -Bp/2 in direction i/. 

Then for < < ^ we can apply Lemma 18.41 if again ag is small, and we obtain 

(8.39) u G F{C9ia,Ca]T) in Bj-^ in direction z/i 
for some ri , I'l with 

cgjP < 2ri < 9ip, and \ui — < Ca. 

In order to improve r, we consider the functions Us = (|Vu| — A*(0) — e)"*" and Uq = (|Vii| — 
A*(0))+ in B2r,. By Lemma [731 we know that Us vanishes in a neighborhood of the free 
boundary. Since Us > implies |Vti| > A*(0) + e, the closure of {Us > 0} is contained in 
{\Vu\ > A*(0)+e/2}. 

Since |Vn| is bounded from above in i?2ri) and from below in the set {|Vii| > A*(0) + e/2} 
the hypotheses of Lemma iB.SI are satisfied, and we have that v = |Vu| satisfies, 

-divDVv + BVv < divH in {|Vn| > A*(0) + e/2} 

Hence Us satisfies 

-dWDVUs + BVUs < divH in {Us > 0} 

Extending the operator by a uniformly elliptic operator with principal part in divergence form 
with ellipticity constant /? and H hy H with ||^/||oo < C'||-f^||oo we get, 

J -divDVUs + BVUs < divH in 
\Us<X*iO)T ondB2r, 

and n < 9ip < p/A. Then, Us < X*{0)t + C{N, L, f3)ri\\H\\oo. Let S = A*(0)t + Cri||F||oo. 
LetW = S-Us>0. Then 

-divDVW + BVW > divH in • 

By the weak Harnack inequality (see [20] Theorem 8.18) we have that, if 1 < g < then, 

1 



1 



In {u = 0}, W = S. Moreover n = in Bj.^/^{jriiy) since 9i < 1/4. Therefore, 

S < C2[S - sup [4 + ||F||ioo(s )ri]. 

Br, 
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Then, 

supUe <(l-^)s + Csn < S\*{0)t + dn 

Br^ ^ L-2 ^ 

with < (5 < 1. And we have, 



sup iV-ul < A*(0)(1 + 6t) + C4ri 

Bri 

with C4 = CiiN, A*(0),L,/3). 

Since ri < 6ip and p < < Pqt, we have 

sup|Vu| < A*(0)(1 + (^r) +C4ri < \* + 5t + C9ip) < \* + t{5 + COipo)). 

Br, 

Let us choose 9i such that Cpo^i + 5 < 1- Take 6*0 = max{6'° ((^ + Cpo^i)"*^^^}- 
We have 

u S F{6q(t, 1; ^0''") -^ri iu direction i^i. 
Moreover, rf < Ofp""* < 6*^^"* < poe^T. We also have, 6'oct < 6locJe, < ae, and 6lgT < 

Then, we can repeat this argument a finite number of times, and we obtain 
u G F{9^a, l;6'o"V) in i?ri...r„ in direction 

with 

C 

cqj < 2rj < 9j, and |fm - < ^3^*^- 
FinaUy we choose m large enough such that 6q^ < 9, we have that 

u S F{9a, 1;0'^t) in Br,...r„^ in direction f^, 
and using Theorem 18. II we have if o" < o^0,^p^^, r < agi^^pijO"^ and < Pot the desired result. □ 

8.3. Smoothness of the free boundary. 

Theorem 8.3. Suppose that u is a minimizer of J' in JC and D CC ^. Assume p is Lipschitz 
and A is Holder. Then, there exist positive constants (Jq, C and 7 such that if 

u G F{a, 1; 00) in Bp{xo) C D in direction v 
with a < ao, p < po{ao,a), then 

Bp/ii^o) 1^ d{u > 0} is a C^'^ surface. 
More precisely, a graph in direction v of a C^''*' function and, for any xi, X2 on this surface 

\v[xi) - v{x2)\ < Ca 

P 

Proof. See Theorem 9.3 in [29]. □ 



Remark 8.2. By the nondegeneracy (Corollary 14. ip and by (j7.3ip . we have that for xq € 
dred{u > 0} we have that u € F{ap, 1; 00) in Bp{xo) in direction Uuixo), with Up — > as p ^ 0. 
Hence, applying Theorem 18.31 we have, 
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Theorem 8.4. Let u be a local minimizer of J in JC with power p € Lip and coefficient A € C". 
Then, for any xq G dred{u > 0} there exist r > and < 7 < 1 such that Br{xQ) fi d{u > 0} is 
a C^'^ surface. Thus, for every D CC 0, there exists < 7 < 1 such that D n dred{u > 0} is a 
C'^'"' surface and moreover, TC^^^{d{u > 0} \ dred{u > 0} = 0. 



Appendix A. The spaces LP^-\n) and W'^'P^'^n) 

Let p : O — > [1,00) be a measurable bounded function, called a variable exponent on Q 
and denote Pmax = esssupp{x) and Pmin = essinf p{x). We define the variable exponent 
Lebesgue space LP^'\^1) to consist of all measurable functions u : ^ M for which the modular 
Qp(^.){u) = \u{x)\p^^^ dx is finite. We define the Luxemburg norm on this space by 

\MLPi-)(n) = \\u\\p{-) = inf{A > : Qpi^.){u/\) < 1}. 
This norm makes LP^'\^}) sl Banach space. 

One central property of these spaces (since p is bounded) is that Qp[.){ui) — > if and only 
|[nj|[p(.) — > 0, so that the norm and modular topologies coincide. 

Remark A.l. Observe that we have the following estimate, 

<max{( / / h^^^) dx) '^""""^ } 

In fact. If / dx = ^ then ti = a.e and the result follows. If |n|P(^) dx 7^ 0, take 

max 1 

\uY'^'-^>) dxj A Jn \u™^' dxj >. Then we have. 



\u\\Pi^) , 
— dx 



<max{-3-,-^} / \u\P^-Ux<l 



k 

therefore < k and the result follows. 

Let W^^'P^-\n) denote the space of measurable functions u such that u and the distributional 
derivative Vu are in LP^-\n). The norm 



h\]i,p{-) ■= Ikllp(-) + 

makes W^'P^'^ a Banach space. 
Theorem A.l. Let p' [x) such that, 

1 1 _ ^ 

p{x) pf[x) 

Then Lp'^'^Q) is the dual of LP^-\n). Moreover, if Pr,^in > 1, LP^'\^) and W^'P'^-^Q) are 
reflexive. 

Theorem A. 2. Let q{x) <p{x), then LP^'\Q) ^ L''^'\Q) continuously. 

We define the space VFo'^^'^(O) as the closure of the C^(0) in I^^'P(-)(0). Then we have the 
following version of Poincare's inequity. 
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Lemma A.l. If p{x) is continuous in Q, there exists a constant C such that for every u G 
For the proof of these results, and more about these spaces see [23]. 

In order to have better properties of these spaces, we need more hypotheses on the regularity 
of p{x). 

We say that p is log-Holder continuous if there exists a constant C such that 

(J 

\p{x)-p{y)\ < J- ■ -J 

I log \x-y\\ 

if \x-y\< 1/2. 

It was proved in [32], Theorem 3 that if one assumes that p is log- Holder continuous then, 
is dense in W'^'P'^-\n) (see also [lO] and [l3]). See [l5] for more references on this topic. 

Appendix B. Results on p(a;)— harmonic and subharmonic functions 

In this section we will give some of the properties of p(x)— harmonic and subharmonic func- 
tions. Some of them are known results and others are new. For the reader's convenience we 
will list all the results, and give the reference when it corresponds. Here uj{r) is the modulus of 
continuity of p{x). We will state which is the type of u> that we are considering for each result. 

Remark B.l. For any x fixed we have the following inequalities 

1^ _ < C(|r?|f(-)-2r? - \e^^^~'0{v - if P(^) > 2, 

1^ - (\\\V\ + \(\y^^^~' < CM^^^^-'r^ - \^&^~'Oiv - if P(^) < 2, 

These inequalities say that the function A{x,q) = \q\P^^^~'^q is strictly monotone. Then, the 
comparison principle holds since it follows from the monotonicity of A{x,q). 



The following result, a Cacciopoli type inequality, is included in the proof of Lemma 6 in |21j . 

Lemma B.l. Assume p{x) is bounded and let u G W^'P^'\VI) he a nonnegative subsolution of 
the problem 

(B.l) \{x)U = inn. 

Then, for any Br C n 

I \Vuf^Ux<cj {^f'^x, 

where C = C{pminiPmax)- 

Proof. See inequality (5) in the proof of Lemma 6 of |21j . □ 
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Lemma B.2. Assume u>{r) = C{log^)^^ and let u be a nonnegative solution of the problem 
(B.2) ^p{x)U = in fi. 

Then, there exists a constant C such that 

sup u<C{ inf n + r) 

Br(xo) Br{xo) 

for any r with BiQr{xQ) C ^l. The constant depends on N ,ijj{.),pmin and the L^{Br)-norm of 

Proof. See Corollary 5.13 in [22]. □ 
Remark B.2. Assume ti is a nonnegative solution of the problem 
(B.3) \{x)U = Omn. 

Let R,y such that -Bio_R(y) C fi, xq € and r > 0. Let x = and u{x) = '^(^o+rx) ^ ^^^^^^ 
for any p < R/r we have, 



sup u <C{ inf u + p), 

Bp[x) Bp(x) 

where C is the constant of the previous Lemma. In particular, C may be taken independent of 
r (it depends on the L^(0)— norm of |m|p(-)). 

Proof. Let |x — x| < p and y = xq + rx then \y — y\ = r\x — x\ < rp < R. Since, 



there holds that 



Then, 



sup u < C{ inf_ u + pr) 



sup — < C( inf — \- p). 



sup u < C{ inf u + p). 

Bp{x) Bp{x) 



□ 



The following result was proved in Theorem 2.2 in [T], 



Theorem B.l. Assume ijj{r) = Cor"" for some < a < 1, and let u be a solution of the 
problem 

(B.4) Ap(a,)'u = inn. 

Then, for any fl' CC ^ there exists a constant C depending on III^'^^I'^''^'^ 
Pmin,Pmax, uj{r) and n' such that 

\W\\c^'"{n') < C. 

The following is a consequence of the C^'" regularity of the solutions and the Cacciopoli 
inequality 
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Lemma B.3. Assume co{r) = C()r°^° . Let u be a solution of the problem 
(B.5) Ap^^)U = in BR{y). 

Then, there exists a constant C depending on || ||Li(B^(y)) , II I Vn|P(^) Pmin,Pmax 
and uj{r) such that if R < 1 we have, 

/ 1 \p+/p- 
\Vu{y)\ <C[1 + - sup u) 

where p+ = supBj,(y)P' P~ = ^^^BR{y)P- 

Proof. By Theorem IB.!) we have for x € Bj^/2{y)^ 

\Vu{x) -Vu{y)\ <C\x-y\", 
for some constants C > and < a < 1. Therefore, if x E -B_R/2(y) 

\Vu{y)\ < |Vu(x)| + Ci?°. 
If |Vti(y)| > 1, p_ = p^{BR{y)),p+ = p+{BR{y)), recalhng that i? < 1 we get, 

\Vu{y)\P- < |Vn(y)|P(^-) < C\Vu{x)\p'-^^ + C. 
Integrating for x E -B_r,/2(2/)) 

|Vu(y)r < C(l + / |Vn(x)|f(^)). 
Applying Cacciopoh inequahty we have, since i? < 1, 



<Ci(2 + / 



J BR(y) ^ R 

\u{x)\\P+ 



■J BR{y) ^ R 

<c(l + (^ sup u{x)Y'' 

We obtain the desired result. □ 

Remark B.3. In some of the proofs we need to look at the ^(x)— Laplacian as an operator in 
non-divergence form. In those cases we have to assume p{x) Lipschitz so that we can differentiate 
the function, 

A{x,q) = \qf''^-^q. 
If we take a function u, with ci < |Vn| < C2 differentiating we obtain, 

dAi (p — 2) 

dA- 

^^(a::,Vn) = | Vn|^~^ log | Vn| paj^^Ua;,. 
Then, we have a the following non-divergence form for the p(x)— Laplacian, 

where 

(B.6) hw := aij{x,Vu)w:c,xj + |Vii|^"^log |Vn| PxiWx,. 
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Observe that aij = | Vn|P(^)~^6jj and bij is uniformly elliptic with constant of ellipticity 
independent of the gradient of u. We call 

(B.7) Tw := bij{x, Vu)WxiXj + log |Vti|pa;,W^Xi- 

The following Lemma is the construction of barriers required in several proofs. 

Lemma B.4. Suppose that p{x) is Lipschitz continuous. Let = Me"^'^'^, for M > and 
n > \x\ > r2 > 0. Then, there exist /io,eo > such that, if fi > hq and ||Vp||oo < ^O; 

^-ieMl-pM-i|Vt/;|2-fAp(,)u;^ > Ci(m - C2||Vp||oo| logM|) inS,, 

HereCi,C2 depend only on r2,ri,p+,p_ , //q = /io(p+,P-, ||Vp||oo, ^^2, n) and 
eo = eo{p+,P-,ri,r2). 

Proof. First note that by Remark IB. 31 

( (v — 2) 1 

Ap(a:)'w = |Vw|P~^| "^w^iWxjWx.Xj + Aw + {Vw,Vp) log|Vu;||. 

i,j 

Computing, we have 

(B.8) = -2//Mxi,e-'^l^l', w^^^, = M{^i?XiXj - 2/i<5ij)e-^l^l', |Vw;| = 2M^|x|e-^l^l'. 

Therefore using (jB.SP we obtain, 
e'^l^l'(2M/i)"i|V'u;|2-PAp(^)i(; 

= (p-2)(2/i|xp - 1) + (2^|xp - AT) _ (x,Vp)(log(A-/) + log(|x|2) +log^) + ^(x,Vp)|xp 
= {p- l)2^|xp + /i(x, Vp)|xp -{p-2 + N)- (x, Vp)(logA/ + log + log(2|x|)) 

> (2(p_ - l)rl - rl\\yp\\^)ii - nllVpllool log^l -{p+-2 + N)- ri|lVp||oo(logM + Cr„r,)) 

> (2(p_ - l)ri - ri||Vp||oo(r? + - {p+ - 2 + N) - n || Vp||oo(log M + Cr„r,). 

In the last inequality we have used that < I [{ ^ > I. 
Let eo > such that 

2(p„ - l)r2 - ri{rf + l)eo > ^{p^ - l)r|. 

If ||Vp||oo < ^0 we obtain 

e^l^l'(2M/i)^i|Vt/;|2-PAp(^)7i; > 

^{p. - l)rlfi -{p_,-2 + N)- ri||Vp||oo(log Af + Cr„r,)- 
Now, if we take n > = f^o{p+,P-, ^^1^2,^1, \\Vp\\l°°) we obtain that 

e'^l"l'(2M^)-i|V^«|2-PAp(,)^« > Ci{^i-C2\\Vp\UlogM\)). 
with Ci , C2 depending only on p_ , ri , r2 . 

□ 
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Lemma B.5. Assume p{x) is Lipschitz. Let u be a solution of the problem 
(B.9) \{x)U = inn. 

with < ci < |Vn| < C2. Then v = |Vn| satisfies, 

— div DVv + BVv < div H in Q 

where, 

Dij{x,Vu) = \Vu\P-^{6ij + ^^^^u^^u^^), 

H{x,Vu) = |Vu|P~^log |Vu|(Vu, Vp)Vu, 
B{x,Wu) = |Vu|f"^log|Vu| Vp. 

Proof. Let r/ G C^(0). Then, for each k we have after integration by parts, 

= y A{x, Vu)S/r]x^ dx = - J ^^{x, Vn)Vr/ ~ J o-iji^i ^u)ux^Xkilx, dx. 

Observe that, by approximation, we get that the right hand side vanishes for rj G W'^''^^'\VL). 
Taking r] = tix^.V' with ip € C^{Q) we have, by using the eUipticity of aij (see Remark IB .Sp . 



= — / — — ix,Vu)ux,'S/'ih dx — I — — (x,'Vu)Vux,ip dx 
Jn dxk Jn dxk 

ipdx- aij{x,Vu)ux^XkUxki'xidx 
f dA , _ ^ „ , . f dA 



{x,Vu)uj;^^V'il^dx - - — {x,Vu)Vux^tpdx- j aij{x,Vu)uxjXh'Uxt,'^xidx. 

11 

Observe that Vr = -, rVur = t—^Utit - Taking the sum over k in the last inequahty, 

' |Vu| ' \Vu\ ^ ' H J, 

using Remark IB .31 and replacing by i), we have 

f dA f dA 

aij{x,\/u)\\7u\vx^ipxidx > / - — {x,yu)ux^V4'dx+ j - — {x ,V u)V Ux^i^ dx 

= / \Vu\'P''^\og\Vu\px^UxiUx^il^xidx + / \Vu\'^''^ \og\V u\px^UxiUx^Xi'4^dx 
Jn Jn 

= / \Vu\P~'^log\ViL\{Vu,Vp){Vu,\7'il^)dx + / iVul^^"^ log\Vu\\Vu\vx^Pxk'^ dx 
Jn Jn 

\Vu\P~^log\Vu\{Vu,Vp){Vu,V'il^) dx + / \Vu\p^^ log \Vu\\\7u\{Vp, Vv)'iIj dx. 



By our election of D, B and H we have, 

— / Dij{x,Vu)vxjil^Xidx > I H\/Tpdx+ j BVvipdx. 
Jn Jn Jn 



□ 
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